The is used widely in signal processing for efficient computation of the Fourier transform (FT) over a set of uniformly spaced frequency locations. However, in many applications, one requires nonuniform sampling in the frequency domain, i.e., a nonunifom FT. Several papers have described fast approKimations for the nonuniform based on interpolating an oversampled FFT. This paper presents a method for the nonuniform FT that is optimal in a minmax sense. The proposed method minimizes the worst-case approximation error over all signals of unit norm. Unlike many previous methods for the nonuniform FT, the proposed method easily generalizes to multidimensional signals. We are investigating this method as a fast algorithm for computing the Radon transform in 2D iterative tomographic image reconstruction.
INTRODUCTION
The fast Fourier transform (FFT) is used ubiquitously in signal processing applications where uniformly spaced samples in the frequency domain are needed. The FFT requires only O(N log N) operations, whereas direct evaluation of the discrete Fourier transform requires O ( N 2 ) operations. However, a variety of applications require nonuniform sampling in the frequency domain; examples include magnetic resonance image (MIU) reconstruction and computation of the Radon transform by means of the Fourier slice theorem.
Such problems require a nonuniform Fourier transform, yet one would like to retain the O(N log N) computational advantages of fast algorithms like the FFT, rather than resorting to brute-force evaluation of the nonuniform FI'.
Recently several papers in the scientific computing literature have described methods for approximating the ID nonuniform F T by interpolating an oversampled FFT, beginning with [l] and including [2-91. Such 0-7 803 -6725 -110 1 /$I. 0 .OO 0200 1 IEEErithm that also uses frequency domain principles; however, it is restricted to a particular form of weighting matrix that is suboptimal for low-count PET scans. The NUFFT-based projector will allow us to use weighting matrices of the form needed in PET [ 151 (at the expense of greater computation than required by the algorithm in [ 141) . Space constraints prohibit display of iterative tomographic image reconstruction results; this paper derives the new NUFl;T method and illustrates its application as a fast method for computing the Radon transform based on the Fourier-slice theorem.
THEORY 1D CASE
For simplicity, we first describe our minimax approach in the 1D case. The basic idea is to first compute an oversampled FFT of .the given signal, and then optimally interpolate onto the desired nonuniform frequency locations using a small local neighborhood in the frequency domain around each desired value.
'
The problem is as follows. We are given equally spaced
x,e-inw.
We wish to compute the FT at a collection of(nonuniform1y spaced) frequency locations {urn}: 
Interpolate the X k ' s to approximate each ym using the J nearest neighbors to wrIL. The approximation, Gm, to ym has the following linear form: where 'u,k denotes the collection of interpolation coefficients and "*" denotes complex conjugate.
To contain computational requirements, we constrain w, The problem then becomes choosing the urnj's such that y, is an accurate approximation to ym, and such that the urnj's are relatively easy to precompute. Dutt and Rokhlin used Gaussian kernels for their interpolation method [ 13.
Nguyen and Liu [7] considered an interpolation of the form (4) without an explicit criterion for their choice of the umj's.
We adopt a niin-max criteriun'for choosing the interpolation coefficients umj. For each desired sample location Mathematically, our min-max criterion is as follows:
Remarkably, this min-max problem has an analytical solution that we derive as follows. From (4) and (l), we have the following expression for the error:
Using (2) and (6) , this error expression becomes
3 A similar formula with slightly different offset is needed for the case where J is even. With these definitions, the min-max problem (5) becomes
Applying the Cauchy-Schwarz inequality, the worst case object z is when z = gL/l/gm/l, i.e.,
Inserting this case into the preceding rnin-max problem (1 1) and applying (9) reduces the problem to the following:
The minimizer of this simple least-squares problem is:
using (10). Fortuitously, the inverse of the J x J matrix W'W is independent of frequency sample location so it is easily precomputed. Nguyen and Liu called this type of matrix a (KIN, N , J ) regular Fourier matrix [7] . Similar to [7] , the entries of W W here are given by
where K ( -) denotes the following Dirichlet-like kernel:
Remarkably, in this rnin-max framework the final matrixvector product in (12) also simplifies to a closed-form expression as follows which is essentially a Dirichlet-like function of the residual differences between the desired frequency sample locations and the nearest oversampled FFT grid points.
In summary, we precompute the min-max interpolation coefficients in (12) via the analytical results (13) and (14).
This precomputation requires only O ( J 2 M ) operations. A key property of (13) and (14) is that they reduce the summations over n, thereby making the precomputing practical. As noted near (2) and ( 
THEORY 2D CASE
Space constraints prohibit a full exposition of the multidimensional case. The overall approach is a natural generalization of the min-max framework described above. We oversample the 2D FFT in both directions, and find the minmax interpolator for each desired frequency location using the nearest J x J sample locations. The storage requirements are O ( J 2 M ) .
RESULTS
We applied the 2D NUFFT in conjunction with the Fourierslice theorem to calculate the tomographic forward projec- so are not shown. The figure below shows the tradeoff between computation time (using Matlab's t i c command on a lGHz Pentium I11 running Linux) and percent RMS difference between the conventional approach and the NCTFFTbased approach. We also examined the 11 and 1, norm differences which showed identical trends.
Using J =, 6 and K = 2 N , 'the approach is 4 times faster than the conventional approach in this geometry, yet yields a normalized R M S error of less than 0.15%.
In this case, precomputing the urn's required less than 8 seconds. (This precomputation depends only on the scanner geometry, and not the object, so needs only to be done once for a given tomographic system so its computation time is largely irrelevant.) A reduction by a factor of 4 in computation time would be quite significant for the practical use of iterative image reconstruction methods.
DISCUSSION
approach to problems where the frequency samples are uniform but the object samples are nonunifom.
